Abstract. This paper discusses the finite time blow-up of the amplitude of acceleration waves in the case of heat propagation in one-dimensional rigid and elastic bodies. In both cases dissipation is not strong enough to preserve the smoothness of the solutions whose initial data is far from equilibrium.
1. Introduction. Under suitable assumptions on the constitutive relations, the equations of isothermal nonlinear elasticity are of hyperbolic type. This fact can lead to the formation of shocks; that is, the velocity and deformation gradient become discontinuous, and for smooth data the Cauchy problem does not have a global smooth solution (Lax [9] ). This strong effect of elastic nonlinearity is due to the fact that there is no dissipation. Many kinds of dissipation, e.g., Dafermos [5] , will produce stabilizing phenomena. Such a stabilizing role is played, for example, by heat diffusion. This can be detected by investigating the evolution of the amplitude of acceleration waves along characteristics. Coleman and Gurtin [3, 4] first showed, for inelastic materials with memory, how the amplitude of the waves can approach infinity in finite time.
For a one-dimensional thermoelastic material with heat flux given by Fourier's law, the amplitude of the acceleration waves satisfies a Bernoulli equation, which stays bounded in time only for small initial data (Dafermos [5] ). Indeed, Slemrod in [10] proved an existence theorem in thermoelasticity for smooth and small initial data, and Dafermos and Hsiao in [6] showed that, for the large smooth data, solutions of thermoelasticity develop discontinuities in finite time.
In the present paper, the Fourier law modification due to Kosiriski [8] has been used and finite speed of heat propagation obtained. The Fourier law for heat flux was modified in a number of papers, for example, by including the time derivative of the heat flux accompanied by a thermal relaxation time (Chester [1] ). Another approach is used by Gurtin and Pipkin [7] , for rigid conductors, where the constitutive relations are in the form of functionals over the temperature history. An advantage of the current approach is in retaining proportionality between heat flux and a form of temperature gradient.
Based on the work by Kosinski [8] , we examine the concept of a new temperature scale p, which is related to the absolute temperature $ by the initial value problem «g = A>, /Je(0,oo).
Instead of the classical proportionality equation for the heat flux q = -kV$, we assume that q = dVp, (1.2) where d, in general, is a function of the deformation F and absolute temperature $.
Constitutive equations for a nonlinear thermoelastic material, with reference mass density p0 , form a set of equations for the following quantities: the Helmholtz free energy ^ , specific entropy ?/, Piola-Kirchhoff stress tensor TK , the heat flux q in terms of the deformation gradient F , the temperature $ > 0 , temperature gradient V#, and the new temperature P , where iq , + q = -kV&.
(1.5)
Here t is a thermal relaxation time-valued function. We assume (cf. Kosinski [8] ) that the free energy function y is given by
where e2 = k0t0/(p0$0) and t0 and kQ are characteristic material constants representing the relaxation time and the thermal conductivity at $0 . The additional assumption that d = const = kQ is made.
On using Eqs. (1.1), (1.2), and (1.5), the following results hold (Kosinski [8] ):
where /0(/?) = T0/(V /?).
Motivated by relations (1.7) and (1.8), we will investigate three types of function f0(P) proposed in [8] : Before we explain the coefficients in this equation, let us introduce new independent variables P =w, (2) (3) (4) (5) p = vp, which lead us to a quasilinear system replacing Eq. (2. We can now replace Eq. (2.13) by the following equation in terms of # alone:
which is a nonlinear parabolic equation. Thus the case r = 0 reduces to a regular Fourier law.
3. Amplitude of the acceleration wave (rigid material). In this section we will consider the propagation of the heat waves in a one-dimensional, homogeneous rigid body. Then system (2.6) takes the form (for r = 0) -C{P , w)w t + bpw x + ap x + H(P, w) = 0, P,t~w = 0, (3.1)
where the constants b and a and the functions C(/?, w) and //(/?, w) are given by Eqs. (2.7).
Our aim is to show that as the amplitude of the acceleration waves evolves, it blows up in finite time. This contrasts the classical assumption that involves Fourier's law, when the heat equation is of parabolic type, yielding smooth solutions in rigid conductors.
The one-dimensional acceleration wave is a smooth curve x = <p(t), with speed of propagation s(t) = <p(t), (3.2) across which , w , and p are continuous functions, but their derivatives are not, i.e., the jumps of the following derivatives are not zero:
LP(]/0; (3. and then as the following differential equation for a:
a.
(3.18) Equation (3.18) can be simplified into a form suitable for discussion. To do so we recall formula (3.13) for the speed s, notation (2.7), relations (1. It is easy to verify that tx is a decreasing function of t0 for fixed a0 . The magnitude of the relaxing time t0 in Eq. (3.21) governs which effects dominate in the behaviour of a(t). Small rQ plays a stabilizing role and prevents a(t) from breaking up, while large t0 asserts that the time tx is short. The relaxation time is of order 10 10 for most materials; hence, the last inequality 20 will be satisfied for a0 being of order 10 , which means that in most situations of physical interest blow-up will not occur. A similar observation is true for the cases £8 and S?.
4. Thermoelastic material. In this section we will consider a one-dimensional thermoelastic material whose mechanical and thermal properties are described by the constitutive equations (1. Similarly, as for the rigid conductor, we will consider the one-dimensional acceleration wave x = (p{t), across which each of the functions (v , F, p, w, p) are continuous, i.e., As previously, we assume that the fastest wave is moving into the body that has been in a state of rest, i.e., for <p(t) < x f}{x , t) = P+ = const, F(x, t) = F+ = const, p(x, t) -p+= 0, v(x,t) = v+ = 0, (4.14)
w(x, t) = w+ -0.
In this simplified case, the first wave has a constant speed of propagation s, such Finally, we would like to investigate some limits concerning the speed of propagation s, as a solution of Eq. (4.13). One is for t0 -> 0, which corresponds to the case of thermoelastic materials with the Fourier law of heat propagation, and the second one, which is hypothetical, for t0 -► oo. To do so, let us express explicitly the dependence of the coefficients in Eq. wave did not change the values of F, v , /?, w , p far from equilibrium. As a consequence, the speed s2 can be approximated by (cf. Eq. (4.16)) the formula The analysis performed so far allows us to sketch (Fig. 1 ) in the phase plane the following representation of the wave fronts for positive and s2. Here, s2 is the speed of the slower wave propagated into the disturbed region. However, in terms of tq , regarded as a variable we can sketch the graph of s, and s2 as functions of t0 (Fig. 2) .
It follows from both figures and the propositions that, in the limit of vanishing tq , the larger characteristic speed 5j goes to infinity, while the smaller one s, tends to the classical thermoelastic wave speed sQ obtained by Dafermos [5] and by others.
